Abstract: In this paper, we propose a method based on Helmholtz equation to determine the coupling length of the light propagating in concentrically curved waveguides by the conformal transformation. After the transformation, the concentrically curved waveguides are regarded as straight directional couplers, and the coupling length can be obtained rapidly by using this method. We also calculate the coupling length by the finite-difference time-domain (FDTD) method to compare with the result obtained by our method. The results show a good agreement between the coupling length obtained by the conformal transformation and the FDTD method.
Introduction
The curved waveguide is an important and fundamental element in the integrated optical device, such as the coupler [1] , filter [2] , gyroscope [3] , [4] , and ring resonator [5] , [6] , or to connect two components with low propagation loss, such as arrayed waveguide gratings in which the curved waveguides connect two star couplers [7] . Several methods have been developed to study the light propagation in curved waveguide such as the conformal transformation [8] , the Wentzel-KramersBrillouin (WKB) analysis based on conformal transformation [9] , and the beam propagation method based on conformal transformation [10] , the Schrö dinger equation based on conformal transformation [11] , the matrix approach [12] , [13] , and the line method [14] . The effective index profile, the radiation mode resulting to propagation loss and the Whispering-Gallery modes in curved waveguides can be studied.
For the concentrically curved waveguides, the method to calculate the coupling length of the light coupling between the waveguide has been proposed by Chin and Ho [11] . The curved waveguides are converted into the parallel directional waveguides using the phase-matching method to calculate the coupling coefficient and the coupling length. The phase-matching occurs when the light is entirely coupled from one waveguide to another one. In this method, after the transformation of the refractive index profile, the obtained curved refractive index profile is approximately supposed to be a linear profile. Since the performance of the coupler in nanometer-scale, such as ring resonators [15] , is very sensitive to the dimension and index profile of the devices, this approximation could lead to larger errors to determine the coupling length. In this paper, we adopt the Helmholtz equation to calculate the coupling coefficient and the coupling length by using the curved refractive index profile obtained by the conformal transformation. This is a simple and rapid method without any approximation to obtain the optical properties of the concentrically curved waveguides. By fine tuning the width of one of concentrically curved waveguides, complete light coupling between the concentrically curved waveguides can be achieved.
Calculate the Coupling Length Based on the Conformal Transformation
The schematic drawing of the conformal transformation of the concentrically curved waveguides are illustrated in Fig. 1(a) . R 1 and R 2 are the inner and the outer radius of the inner curved waveguide, respectively. R 3 and R 4 are the inner and the outer radius of the outer curved waveguide, respectively. The conformal transformation uses the differential coordinate system in complex plane to describe the uniform slab curved waveguides. The relation between two coordinate systems is defined as [8] 
where f is an analytic function, z ¼ x þ iy , and r ¼ ðx 2 þ y 2 Þ 1=2 . The new coordinates u and v are defined with respect to x and y . R c defined as the central radius of outer waveguide, ðR 3 þ R 4 Þ=2, and É represented the angle are showed in Fig. 1(a) . The Helmholtz equation of the uniform curved waveguide, therefore, is changed as [8] where the propagation constant is defined as ¼ k o n eff , and n eff is the effective index. The refractive index distribution after mapping is defined as NðuÞ ¼ n Á expðu=R c Þ. The electric field is represented as E ðuÞ. Equation (2) can be regarded as an eigen-problem. The effective index of each waveguide can be obtained by solving (2) using the refractive index profile of each curved waveguide. The two concentrically curved waveguides are transformed simultaneously into two straight waveguides. The refractive index profile before and after the mapping is schematically shown in Fig. 1(b) . By varying the width or the refractive index of one of the waveguide, the effective index of the waveguide can be changed to match the effective index of another waveguide. Since, in general, during the photolithographic process of the waveguide fabrication in LiNbO 3 , silicon-oninsulator or polymer, the width is easier to be changed locally than the refractive index. In the following study, we change the waveguide width to obtain the desired effective index.
We substitute the new refractive index distribution obtained by the conformal transformation into (2) to obtain the effective index of each waveguide by using the finite-difference method. In this paper, we adopt the coupling coefficient of two parallel straight waveguides [16] , [17] under the condition of the weak coupling to calculate the coupling coefficient of two curved waveguides after transforming. The coupling coefficient ðÞ is defined as
where Ã denotes the complex conjugate. The refractive index distribution of the entire structure with the two concentrically curved waveguides is defined as Nðu; v Þ. The two waveguides are represented by ðp; qÞ ¼ ð1; 2Þ or ð2; 1Þ. The refractive index distribution of each waveguide is N q ðu; v Þ. The unit vector of gradient along the z-direction is defined as u z . The electric field and the magnetic field in the each waveguide are defined as E q , E p , H q , and H p , respectively. The frequency of light is defined as !. The permeability in the free space is defined as o . The coupling length of parallel straight waveguides [16] is defined as
where the difference of the propagation constant between waveguides is defined as Á and ¼ Á=2. 
Compare the Coupling Length Obtained by This Work and the Finite-Difference Time-Domain
In this paper, the coupling length is also calculated by the finite-difference time-domain (FDTD) method to compare with the coupling length obtained by the method that we proposed in this work. The structure in the FDTD simulation is shown in Fig. 2(a) . The wavelength of the launched light is 1.55 m. The refractive index of the two waveguides n w and that of the background n o are set as 3.476 and 1, respectively. For one example, the radii R 1 , R 2 , R 3 , and R 4 are set as 2.525 m, 2.675 m, 2.85 m, and 3 m, respectively. The corresponding width of the waveguides is 0.15 m.
The gap between the two waveguides is 0.175 m. The launched source is continuous wave (CW) for observing conveniently the coupling length. The normalized intensity distributions in the concentrically curved waveguides are shown in Fig. 2(b) . The coupling length can be determined by the angular difference between maximum and minimum intensities in the waveguides multiplied by the radius of the curved waveguide Á Â R c to be 2 m. We adopt (4) with the index profile after conformal transformation. The coupling length L c is 2.06 m. The deviation between two methods is 0.06 m, corresponding to 0.3% deviation. In this paper, we discuss two cases, phase-mismatching and phase-matching, to calculate the coupling lengths, the effective indices and the coupling coefficients. For phase-mismatching case, the effective index of two concentrically curved waveguide is different. The coupling lengths and the coupling coefficients of the concentrically curved waveguides with the width of 0.15 m are calculated by changing the gap spacing from 0.05 m to 0.2 m. The result is shown in Fig. 3 . The conformal transformation method and the FDTD method are employed to calculate the coupling length. There are small deviations between two methods to be less than 0.01 m. The average deviation is 0.034 m. The result indicates that the precise coupling length can be obtained by using the method proposed in this study.
Since the index profile of the concentrically curved waveguides increases exponentially from the inner radius to outer radius after the conformal transformation as shown schematically in Fig. 1(b) , the effective index of the outer waveguide is higher than that of the inner waveguide. For the phasematching case to obtain the complete energy coupling between two concentrically curved waveguides, the effective index of the inner and outer waveguide should be identical. Therefore, we reduce the outer radius of the outer waveguide R 4 , i.e., we reduce the width W o ð¼ R 4 À R 3 Þ to diminish the effective index of outer curved waveguides to approach the value of the inner curved waveguide to achieve the entire coupling. The curved waveguides with different gap spacing (from 0.05 m to 0.2 m) are studied. For the phase-matching case, the width of outer waveguide, the coupling lengths, the effective indices and the coupling coefficients of the concentrically curved waveguides are calculated and are shown in Fig. 4 . The deviation of the coupling length obtained by two methods is less than 0.14 m. The average deviation is 0.045 m. Fig. 4(c) shows the normalized intensity distribution calculated by the FDTD method in the structure of Fig. 2(a) 
Summary
In this paper, we propose to use the conformal transformation to calculate the coupling length of the concentrically curved waveguides. The coupling lengths obtained by the FDTD and the method that we proposed, have a good agreement. The entire coupling between the concentrically curved waveguides can be approximately obtained by tuning the width of the outer waveguide to reduce the effective index of outer curved waveguides to approach the value of the inner curved waveguide. These results can be used to design a ring resonator with concentrically curved waveguides. The important parameter to obtain the high quality factor, the critical coupling condition [18] , can be obtained using the proposed method. 
